Connecting the geometric measure of entanglement and entanglement witnesses 
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The geometric measure of entanglement is an approach to quantifying entanglement that is based 
on the Hilbert-space distance (or, equivalently, angle) between pure states and their best unentan- 
gled approximants. An entanglement witness is an operator that reveals entanglement for a given 
entangled state. A connection is identified between entanglement witnesses and the geometric mea- 
sure of entanglement. This offers a new interpretation of the geometric measure of entanglement of 
a state, and renders it experimentally verifiable, doing so most readily for states that are pure. 
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Introduction: Entanglement is now recognized as a re- 
source central to much of quantum information process- 
ing Thus, characterizing and quantifying entangle- 
ment has emerged as a prominent theme in quantum in- 
formation theory. Achievements in quantifying mixed- 
state entanglement lie primarily in bipartite settings 0- 
For multipartite mixed states the issue of entanglement 
evidently presents even greater challenges. 

Recent research on quantifying multipartite entangle- 
ment has explored a geometric approach. First intro- 
duced by Shimony Q in the setting of bipartite pure 
states, this geometric approach has been generalized to 
multipartite settings by Barnum and Linden £| , and fur- 
ther developed in Ref. [5j- In the present Paper, our aim 
is to identify a connection between two apparently dis- 
tinct aspects of entanglement: entanglement witnesses 
and the geometric approach to entanglement. As entan- 
glement witnesses are observables, and can, in princi- 
ple, be measured, the geometric measure of entanglement 
thus becomes verifiable experimentally. 

Geometric measure of entanglement (GME): We begin by 
briefly reviewing the formulation of the GME in the pure- 
state setting. Let us start by analyzing a multipartite 
system comprising n parts, each of which may have a 
distinct Hilbert space. Consider the general n-partite 
pure state, expanded in the local bases {|ep, }: 
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the closest separable pure state 



As shown in Ref. 
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where the eigenvalue A € [—1,1] is associated with the 
Lagrange multiplier enforcing the constraint (<fi\(t>) = 1, 
and ~ denotes exclusion. As discussed in Ref. 01, the 



spectrum of eigenvalues {A} can be interpreted as the co- 
sine of the angle between \ip) and stationary states { | </>)}■ 
Furthermore, the largest eigenvalue A max , which we call 
the entanglement eigenvalue, corresponds to the separa- 
ble state closest to An equivalent way to view A max 
is via 



ALx(l^) = 



max 

separable <ft 

max Tr(|0)(0||V}(^|). 

separable <p 



(3) 



The precise measure of the entanglement of \ip) adopted 
in Ref. 5] is E sia 2 = 1 - A 2 lax . 

Entanglement witness (EW): The entanglement witness 
W for an entangled state p is defined to be an operator 
that is Hermitian and obeys the following conditions: 

(i) Tr (Wer) > for all separable states <r, and 

(ii) Tr(Wp) < 0. 

Here, we wish to establish a relationship between A max 
for the entangled pure state 1^) and the optimal element 
of the set of entanglement witnesses W for \tp) that have 
the specific form 



W = A 2 1-|V>«>|, 



(4) 



this set being parametrized by the real, non-negative 
number A 2 . By optimal we mean that, for this spe- 
cific form of witnesses, the value of the "detector" 
Tr(W|V')(V'l) is as negative as can be. 

In order to satisfy condition (i) we must ensure that, 
for any separable state a, we have Tr (Wa) > 0. As 
the density matrix for any separable state can be de- 
composed into a mixture of separable pure states [i.e., 
a = where are separable pure states], 

condition (i) will be satisfied as long as Tr(W|</>) (0|) > 
for all separable pure states \<p). This condition is equiv- 
alent to 



A 2 - 

which leads to 

A 2 > max 

10} 



> (for all separable \4>)), (5) 



aLx(IV>». 



(6) 
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Condition (ii) requires that Tr(W|V')(^|) < 0, in order 
for W to be a valid EW for |?/>); this gives A 2 — 1 < 
0. Thus, we have established the range of A for which 
A 2 1 - is a valid EW for 

ALx(l^» < A 2 < 1. (7) 

With these preliminaries in place, we can now es- 
tablish the connection we have been seeking. Of the 
specific family (@J of entanglement witnesses for \tp) 
that we have been considering, the one of the form 
Wopt = A 2 nax (|V>))l — IV'KV'I is optimal, in the sense 
that it achieves the most negative value for the detec- 
torTr(W opt |^)(V>|): 

minTr(W|^)(^|) =Tr(W opt |^)(^|) =-^(1^)), 

(8) 

where W runs over the class (gj of witnesses. 

Some illustrative examples: For the state |GHZ) = 
(|000) + |111))/V2 the optimal witness is 

Wghz = \l- |GHZ)(GHZ| (9) 

and Tr(W G Hz|GHZ)(GHZ|) = -E sin 2 (|GHZ>) = -1/2. 
Similarly, for the states \W) = (|001) + |010) + |100))/\/3 
and \W) = (|110) + 1 101) + |011))/V3 we have 

Ww = ^t-\W)(W\ and W W = |l - \W)(W\ (10) 

and Tr(W w |W)(W|) = -£ sin2 (|W)) = -5/9, and simi- 
larly for \W). For the four-qubit state |*) = (|0011) + 
|0101) + 10110) + 11001) + 1 1010) + |1100))/v% the optimal 
witness is 

W, = |l-|*)(*| (11) 

and Tr(W*|*)(#|) = -E six ?(\^)) = -5/8. In pass- 
ing, we note that linear combinations of witnesses — 
preferably optimal ones — can be used to detect entan- 
glement for mixed states, as we shall illustrate later. We 
also note that the non-optimal witnesses can also be of 
use, e.g., in classifying and detecting distinct types of 
entangled states; see Ref. |7j. Furthermore, as entan- 
glement witnesses are Hermitian operators, they can, at 
least in principle, be realized experimentally. 

Mixed states: We conclude by briefly commenting on 
the EW/GME connection for mixed states. The GME 
can be generalized to mixed states p via the convex hull 
construction (indicated by "co"). The essence of this 
construction is a minimization over all decompositions 
P — J2iPi IV'tKV'tl mt0 P ure states: 

E(p) = (coE sin 2)(p) = min V. Pt £ sill2 (|^)). (12) 
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FIG. 1: Contour plot of the detector, Tr(W{y)p(x)) . The 
darker the region, the more negative the detector. White 
regions correspond to positive values of the detector, where 
VV is not a good entanglement witness, and are therefore left 
ungraded. 

By using the analysis for pure states given above, we can 
rewrite the mixed-state entanglement as follows: 

E(p) = min V Pl £ sill 2(|ii),)) 

= - max V p i minTr(W i |V>i>(^|) (13a) 

= - max V piTrfWtMtWil), (13b) 
{pi,ipi} 1 

where is the optimal EW corresponding to Said 
equivalently, one can express the entanglement of p in 
terms of the optimal witnesses for the pure states that 
feature in the optimal decomposition. The GME for a 
mixed state, then, detects the minimum average of the 
"fidelities" between the pure components and their opti- 
mal witnesses. Although, for any entangled mixed state 
p, there always exists an entanglement witness W, and by 
a trivial rescaling one can then have Tr(Wp) = —E(p), it 
would be preferable to have a single, simple entanglement 
witness that is directly connected to the entanglement of 
the mixed state p. However, we do not know of any sim- 
ple one. 

Before ending our discussion of mixed states, we elabo- 
rate on a point made earlier, i.e., that linear combinations 
(with non-negative coefficients) of optimal entanglement 
witnesses can be used to establish entanglement of mixed 
states. For illustration, consider the following family of 
mixed states: 

p(x)=x\W)(W\ + (l-x)\W)(W\, (14) 

the GME of which is calculated analytically in Ref. 
and which is entangled for all values of a; £ [0, 1]. Wc 
can actually construct EW's that establish the entangle- 
ment of p(x). Consider a linear combination of optimal 
witnesses of |W) and \W): 

W(y)=yW w + (l-y)W^, (15) 
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with y £ [0, 1]. If, for any given x, there exists a value 
of y € [0, 1] such that Tr (W(y)p(x)) < then p(x) is 
evidently entangled. Figure shows that this is indeed 
the case (see captions for details). This illustrates the 
usefulness of linear combinations of pure-state optimal 
witnesses. It would be interesting to know whether wit- 
nesses for bound entangled states be constructed by this 
approach. 

Concluding remarks: Although the observations we have 
made are, from a technical standpoint, elementary, we 
nevertheless find it intriguing that two distinct aspects 
of entanglement — the geometric measure of entanglement 



and entanglement witnesses — are so closely related. Fur- 
thermore, this connection sheds new light on the content 
of the geometric measure of entanglement. In particu- 
lar, as entanglement witnesses are Hermitian operators, 
they can, at least in principle, be realized experimentally. 
Their connection with the geometric measure of entangle- 
ment ensures that the geometric measure of entanglement 
can, at least in principle, be verified experimentally. 
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